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The conserved charge called Y-ADM mass density associated with asymptotically translational 
Killing- Yano tensor gives us an appropriate physical meaning about the energy density of p brane 
spacetimes or black strings. We investigated the positivity of energy density in black string space- 
times, using the spinorial technique introduced by Witten. Recently, the positivity of Y-ADM mass 
density in p brane spacetimes was discussed. In this paper, we will extend this discussion to the 
transversely asymptotically flat black string spacetimes containing an apparent horizon. We will 
give the sufficient conditions for the Y-ADM mass density to become positive in such spacetimes. 
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I. INTRODUCTION 

One of most important and interesting properties of 
black strings is the classical instability which was discov- 
ered by Gregory and Laflamme However, at this 
stage, we have not obtain the clear answers for what 
is the final state of the instability. However, the posi- 
tivity of the energy of the spacetimes, that is, whether 
there is the lower bound of the energy of the spacetimes, 
or not, might give us the information about the stabil- 
ity of them or the final states. For an example, the 
Schwarzschild black hole with negative mass is unsta- 
ble under the metric perturbation, and if the positivity 
of the energy holds, then the spacetimes with negative 
mass would have naked singularity somewhere. A suffi- 
cient condition for the stability of spacetimes is that its 
energy saturates a lower bound on the energy of all field 
configurations satisfying the same boundary conditions. 
It is known that some charged extreme black hole solu- 
tions saturate a lower bound such a bound, which is the 
Bogomol' nyi-type bound [T^ . 

In a class of four dimensional asymptotically flat space- 
times, the trial to show the positivity of the ADM energy 
had been made of by a lot of authors. However, they 
proved it in the only special cases. Finally, Shoen and 
Yau Q succeeded in giving a complete proof on the pos- 
itivity of the ADM energy in asymptotically flat space- 
times, which can be applied whether there is a black hole 
or not. The more elegant and simpler proof was given by 
Witten and Nester 5, 6], who used the spinorial method, 
when there is no horizon. The introduced spinor is the 
solution of Dirac- Witten equation and is asymptotically 
constant at spatial infinity. Gibbons et. al. [D| extended 
Witten's arguments to black hole spacetimes containing 
an apparent horizon without assuming anything about 
the interior region of a black hole. They integrated the 
Dirac- Witten equation over a sapcelike hypersurface with 
the boundaries the spatial inifinity and the horizon and 
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applied Stokes's theorem there. The term over the ap- 
parent horizon as an inner boundary arise in addition to 
the surface term over the spatial infinity, which coincides 
with the ADM 4-momentum. Since this spinor boundary 
term over the apparent horizon becomes proportional to 
the expansion of null geodesies on the apparent horizon, 
it vanishes. As a result, the discussion of Gibbons et. 
al. becomes equal to that of the original Witten's and 
the ADM mass also becomes positive in the presence of 
a black hole. 

The ADM mass in a p-brane spacetime or a black string 
will diverge because the spatial p directions or the di- 
rection of the black sting are infinite in extent and it 
is given by an integral over the spatial infinity (with 
its topology R p x 5 Z3_ ^ P+2 ') which encloses the p-brane. 
Therefore, in such a spacetime the ADM mass is not well- 
defined conserved charge in general except for the cases 
where they are compactificd. The proof of positivity 
of such compactified cases have been already given [15| . 
Through this paper, we consider the conserved charges 
from asymptotic Killing- Yano tensors, which was intro- 
duced by Kastor and Traschen 01 • This charge is called 
Y-ADM charge and gives us good physical interpretation 
of the mass density rather than that of a total mass of the 
spacetime. In the previous work pj, we investigated the 
positivity of Y-ADM mass density in 1 brane spacetimes, 
which are assume to be transverse asymptotically flat to 
the 1 brane. As results, we could establish the positivity 
in the two special cases ; (a) conformally flat cases or al- 
gebraically special spacetimes and (b) cases where there 
exists translational Killing vector field along the string. 

In this paper, we will investigate the positivity of the 
Y-ADM mass density in transversely asymptotically flat 
black string spacetimes containing an apparent horizon, 
using Witten-Nester's spinorial technique. Due to the 
presence of an horizon, the spinor boundary term over 
the cross section of the horizon and the transverse space 
arises, as is seen in the proof of Gibbons et. al. [13j . If 
this boundary term vanishes, we can establish the posi- 
tivity of the Y-ADM mass density in the above cases (a) 
and (b) from the results in the previous studies 0. We 
will show the sufficient conditions for the horizon surface 
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term to vanish, which is the cases where (A) the appar- 
ent horizon becomes null. Therefore, if at least, the black 
string spacetimes satisfy the conditions either (a) , or (b) 
and (A) , then the positivity of Y- ADM mass density is 
assured. 

This paper is organized as follows. In section [HI we 
will show that the spinorial boundary term over the cross 
section of a black string and the transverse space becomes 
proportional to the expansion of the cross section rather 
than the horizon, unlike the proof of Gibbons et. al. 
[l3| . In section ITTT1 we give the sufficient conditions for 
this surface term to vanish on the apparent horizon. In 
section ??, we will summarize the results. 

II. POSITIVITY BOUNDS OF Y-ADM MASS 
DENSITY 

We assume that the black string spacetime (M, g ab ) 
containing an apparent horizon is D(> 5) dimensions 
and transverse asymptotically flat, which means asymp- 
totically flat in the direction transverse to the black string 
but always not in the direction parallel to it. We also as- 
sume that the spacetime is foliated by time slices 14 with 
normal timelike vector field t a , and that each timeslice 
Vt is foliated by the submanifolds T4 X binormal to vec- 
tors t a and x a , where x a is the vector field pallarel to the 
black string, satisfying the normalization x a x a = 1 and 
t a x a = 0. Let us assume the codimension two surface 
Vt x which is the transverse space to the black sting) is 
foliated by the codimension three surface V4 xr normal to 
the transverse radial directional vector field r a satisfying 
the r a r a = 1 and r a t a = r a x a = 0. At transverse spatial 
infinity we take t a = (d/dx°) a , x a = {d/dx 1 ) a . In this 
spacetime, there exists the asymptotic Killing- Yano ten- 
sor /(°!) = dx°Adx 1 , by which we can define the Y-ADM 
mass density as the surface integral over the transverse 
spatial infinity Sac 0,0], as seen in FIG.l. 

The full spacetime metric can be written in the form 

g a b = —t a tb + h ab 

= -t a tb + x a x b + q ab 

= -t a tb + x a x b + r a r b + r ab , (1) 

where h ab , q ab and r ab are the induced metrics on the 
submanifolds 14, Vtx and I4xr, respectively. In this paper, 
we use the quantities 7 = —j a t a , 7 1 = j a x a , — ^ a r a . 

To prove the positivity of the ADM energy, Witten 
H used the spinorial method, which consists of the two 
steps. As the first step, he showed that the surface in- 
tegral of so-called Nester 2 form E ab = V t 7 6 7 Qbc V c V' 
over the spatial infinity (codimension two surface) coin- 
cides with the ADM mass (exactly speaking, ADM 4- 
momentum). The following step is to transform this sur- 
face integral into the volume integral, using Stokes' theo- 
rem, and to relate it to Eintein tensor equal to the energy 




FIG. 1: Kx is the transverse space which has the boundary 
(9Vt x = Tt U Soa, where Tt and Soa denote the cross section 
of the black string and transverse space Vtx and the trans- 
verse spatial infinity, respectively. Vtx is foliated by codimen- 
sion three surfaces Vtxr which coincide with Soo on the inner 
boundary and Ti. on the outer boundary. The transverse space 
Vtx is assumed to be asymptotically flat at the transverse spa- 
tial infinity Sao. 

momentum tensor satisfying the dominant energy condi- 
tion. To discuss the positivity of Y-ADM mass density, 
let us introduce the Nester 3-form |l( defined as 

B abc = i/jW^VdV (2) 

in analogy with the Nester 2 form in the proof of the 
positive energy theorem [5|, where tp is asymptotically 
constant spinor in the transverse direction and satisfies 
the Dirac- Witten equation q b j b V a *P = 0. However, in 
the reference 0, we dealt with the transversely asymp- 
totically flat 1 brane spacetimes with no horizon since 
the in general, in the case with a horizon there exists 
singularity in the interior region and so the discussion 
in the reference cannot be applied to the spacetimes 
with horizons, such as, black string. In the latter case, 
we need add the surface integral over the cross section 
Ti. of horizon and transverse space as the inner boundary 
to the surface integral over the transverse spatial infin- 
ity. To explain this, let us begin with the volume integral 
over the transverse space V4 X (See the equation (19) in 
the reference Q), 

^ / dS bc {V a B abc + V a B* abc ) = -L / [(G ab t a t b 

- R abcd x a x c q bd )iP^ + 2(V a ^)q ab (V b ^)}. (3) 

If we choose the cross section of the horizon and the 
transverse space as an inner boundary in analogy with 
the reference 0, then as the result of applying Stokes' 
theorem to the left hand side in the above eqaution, we 
obtain the following eqaution, 
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dS abc (B abc + B* abc ) 



bc\ 



. dS abc (B abc + B* abc ) 
^- [ [{G ab t a t h - R abcd x a x c q bd yj^j + 2(V a ^)g afc (V b V)], 



(4) 



r 



where the first term in the left hand side coincides with 
the Y-ADM mass density A4, following the discussion in 
the reference pj. On the other hand, the second term 
in the left hand side appears due to the presence of the 
horizon 7i, which implies the cross section of the horizon 
and the transverse space. The right hand side becomes 
positive in at least, two special cases, (1) conformally flat 
cases or algebraically special spacetimes and (2) cases 
where there exists translational Killing vector field along 
the string, as shown in [lj. 

The purpose of this paper is to estimate the surface 
term on the horizon H. and to investigate when this sur- 
face term vanishes. This term is 
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dS(B 012 +B 012 ),(5) 
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where B 012 = V t 7°7 1 7° 12 7 A V , 



< 7 2 7 ^V 



A ip and 



■ A ip = V f 

dS is the volume element on the cross section of the hori 
zon and the transverse space. 



We have the following relation between the projection 
into Vt , Vtx and Vt xr of the D dimensional spinor covari- 
ant derivatives V and the intrinsic (D — 1) dimensional, 
(D — 2) dimensional, and (D — 3) dimensional spinor co- 
variant derivatives {D ~ 1] V A , {D ~ 2) V A , and {D ^ 3) V A , 



= (^) V ^ + ^i ft 7"7V+^Ai7 l 7V 
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respectively, where K ab , J ab and k ab are the extrinsic 
curvatures of the submanifolds V t , Vtx and V tXT , respec- 
tively. The indexes i,n and A run i = 1, ■••,£) — 1, 
n = 2, • • • , D - 1 and A = 3, . . . ,",D - 1. Therefore, the 
real part of B abc tt a x b r c \ = B 012 becomes 
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•° 12 - ?A t 7 2 7' 4( - D_3) + K A ^f-f A %l) + (fcj - K\ - #f + /l1t) + 7 2 7 n u + 1 



(7) 



r 



Let us impose the boundary condition with respect to 
the spinor on the cross section TL of the horizon as follows 
El, 



Similarly, the second term in the left hand side in the 
equation J7J) also vanishes, because j°j a anticommute 
with 7 2 7°, that is, 



7 2 7 V = tp, 



(8) 



where we used the fact that the eigenvalues of the Her- 
mitian matrix 7 2 7° are ±1 and therefore, in the above, 
we restrict the freedom of the spinor to the half. Under 
this condition, we find that the first term in the left hand 
side in the equation J7J vanishes, since 



( 7 VvO f 7V (D - 3) v^ 
_^t 7 o 7 2 7 2 7 i(B-3) v ^^ 

-^t 7 2 7 ^(^-3) Vi ( 7 Vv) 

_^t 7 2 7 i(^-3) ViV , 

0. (9) 



T/>t 7 °yV = -V^tS'V = 0. 
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Then we obtain the simple expression with respect to 
the suface integral over the horizon Tt as follows, 
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which we find that this integrand coincides with the ex- 
pansion 9 + of the cross section and black string and the 
transverse space, since we can observe that the above 
term coincides with defined as 



r ab V a lb 
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= ^1-4-4 + 4), (12) 

where/ = -^(t a +r a ) is outgoing null vector. Therefore, 
we observe that when this expansion of the cross section 
H of the horizon and the transverse space Vt X) the sur- 
face term on the cross section of the horizon vanishes. 
We should note that unlike the proof in the references 
[13L llH , in general, this term does not vanishes on the 
apparent horizon, since 9+ is not expansion of horizon but 
that of the cross section of the horizon and the transverse 
space. 

III. SUFACE TERM OVER A HORIZON 

As mentioned in the previous section, the surface inte- 
gral over the cross section of the horizon and the trans- 
verse space generally does not vanish on an apparent hori- 
zon unlike the proof of Gibbons et. al 13]. As seen in the 
below, a sufficient for this surface term to vanish is the 
cases where the apparent horizon becomes null surface. 
In this section, we will show that the above surface term 
vanishes on an apparent horizon in the above conditions. 

A. Cases where an apparent horizon is null 

Following Hayward's discussion [T^ | , an apparent hori- 
zon is null if and only if null energy condition hold, the 
shear and the normal energy density vanishes (ex- 
actly speaking, this is a necessary and sufficient condition 
for a so-called trapping horizon defined by the closure of 
aD-1 dimensional surface foliated by marginal surfaces 
on which 6 + = 0, 0_ ^ and £^0+ 7^ 0, where £_ de- 
notes the Lie derivative along the ingoing null direction 
and 0_ is the expansion of the ingoing null geodesies, 
becomes null surface. In this paper, the apparent hori- 
zon means this trapping horizon. ). We can show that 
if an apparent horizon is null surface, the above surface 
term vanishes. The expansion of out going null geodesies 
on the apparent horizon is defied as 

9+ = s ab V a l b = x a x b WJ b + 9+ = (13) 

On the other hand, the shear of the horizon can be ex- 
pressed in the form 



0~ab = S( a S 6) V Q Z & - — — -0+Safc 



= (x c x d \7J b )x a x b + {x c \/ c l d )x^ a q^ 

= 0, (14) 

whrere s ab = g ab + t a t b — r a r b and the equation (|13|) was 
used. Therefore, since a xx := a ab x a x h = x c x d \7Jd = 0, 
we can show that on the apparent horizon 9 + = in 
combination with the equation Q13[l. 

We will mention when the physical situations where an 
apparent horizon becomes null would realize. In station- 
ary black string spacetimes, the apparent horizon would 
coincide with the Killing horizon of the black string. 
However, even in non-stationary cases, such situation 
would occur, if there exists the apparent horizon and 
there is no radiation across and along the horizon. Here 
we should note that in non-stationary cases, since the ap- 
parent horizon is generally inside the horizon, we have to 
replace Ti. with the cross section A of this apparent hori- 
zon A and the transverse as the inter boundary in the 
equation in order that the inner boundary vanishes. 



IV. SUMMARY 

Finally, in combination with the previous work, we will 
mention the sufficient conditions for the positivity of the 
Y-ADM mass density to hold black strings whose bound- 
ary condition satisfie transverse asymptotically flatness. 

The Y-ADM mass density becomes positive if a 
transversely asymptotically flat black string spacetime 
which contains an apparent horizon and satisfies the 
dominant energy condition follows the below conditions ; 

(1) either conformally flat cases or algebraically 
special spacetimes, or there is a translationary Killing 
field along the black string, i.e. the black string is 
uniform and (2) the apparent horizon becomes null. 
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